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Rotating mediumAbstract The propagation of a cylindrical shock wave in a rotational axisymmetric non-ideal
dusty gas in the presence of conductive and radiative heat ﬂuxes with increasing energy, which
has variable azimuthal and axial ﬂuid velocities, is investigated. The dusty gas is assumed to be a
mixture of non-ideal (or perfect) gas and small solid particles, in which solid particles are continu-
ously distributed. Similarity solutions are obtained and the effects of the variation of the heat trans-
fer parameters, the parameter of non-idealness of the gas, the mass concentration of solid particles
in the mixture and the ratio of the density of solid particles to the initial density of the gas are inves-
tigated. It is shown that the heat transfer parameters and the parameter of non-idealness of the gas,
both, decrease the compressibility of the gas and hence there is a decrease in the shock strength.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Marshak [1] studied the effect of radiation on the shock prop-
agation by introducing the radiation diffusion approximation.
He solved both the cases of constant density and constant pres-
sure ﬁelds without invoking conditions of self similarity. Using
the same mode of radiation, Elliott [2] discussed the conditions
leading to self-similarity with a speciﬁed functional form of the
mean free path of radiation and obtained a solution for
self-similar spherical explosion. Wang [3], Helliwell [4] andNicastro [5] treated the problems of radiating walls, either sta-
tionary or moving, generating shocks at the head of self-simi-
lar ﬂow ﬁelds. Ghoneium et al. [6] obtained the self-similar
solution for spherical explosions taking into account the effects
of both conduction and radiation in the two limits of Rosse-
land radiative diffusion and Planck radiative emission.
The formation of self-similar problems and examples
describing the adiabatic motion of non-rotating gas models
of stars, is considered by Sedov [7], Zel’dovich and Raizer
[8], Lee and Chen [9], and Summers [10]. The experimental
studies and astrophysical observations show that the outer
atmosphere of the planets rotates due to rotation of the plan-
ets. Macroscopic motion with super-sonic speed occurs in an
interplanetary atmosphere and shock waves are generated.
Shock waves often arise in nature because of a balance
between wave breaking non-linear and wave damping dissipa-
tive forces [8]. Collisional and Collisionless shock waves can
Nomenclature
A angular velocity
Aa initial angular velocity
am speed of sound in the mixture
aiso isothermal speed of sound in the mixture
B constant
b internal volume of the molecules of the gas
b parameter of non-idealness of the gas
Cp speciﬁc heat of the perfect gas at constant pressure
Cv speciﬁc heat of the perfect gas at constant volume
Csp speciﬁc heat of solid particles
Cpm speciﬁc heat of the mixture at constant pressure
Cvm speciﬁc heat of the mixture at constant volume
D non-dimensional density
E total energy of the ﬂow between shock and the in-
ner contact surface or piston
E0 constant
E constant
F total heat ﬂux
Fc conductive heat ﬂux
FR radiative heat ﬂux
f reduced total heat ﬂux
G ratio of the density of solid particles to that of the
perfect gas
Ga ratio of the density of solid particles to that of the
perfect gas at initial state
g reduced density
h reduced azimuthal velocity
J abbreviation
K thermal conductivity
Kp mass fraction (concentration) of the solid particles
in the mixture
L abbreviation
lr non-dimensional radial component of vorticity
lh non-dimensional axial component of vorticity
lz non-dimensional azimuthal component of
vorticity
M shock-Mach number
Me effective shock-Mach number
m total mass of the mixture
msp mass of solid particles
N abbreviation
P non-dimensional pressure
p ﬂuid pressure
pg partial pressure of the gas in the mixture
Q non-dimensional total heat ﬂux
~q ﬂuid velocity
R shock radius
R gas constant
r space coordinate
rp radius of inner expanding surface
S abbreviation
s total energy variation index
T absolute temperature of the mixture
t time coordinate
U non-dimensional radial component of ﬂuid veloc-
ity
Um internal energy per unit mass of the mixture
u radial component of ﬂuid velocity
V shock velocity
Vsp volume of solid particles
V total volume of the mixture
v azimuthal component of velocity
W non-dimensional axial component of ﬂuid velocity
w axial component of ﬂuid velocity
X similarity variable
Xp value of X at inner expanding surface
Y reduced pressure
Z volume fraction of solid particles in the mixture
Za initial volume fraction of solid particles in the mix-
ture
aR Rosseland mean absorption coefﬁcient
b density ratio across the shock
b0 ratio of speciﬁc heat of the solid particles to that of
perfect gas at constant volume
bc density variation index in thermal conductivity
bR temperature variation index in absorption coefﬁ-
cient
C ratio of speciﬁc heat of the mixture
Cc non-dimensional conduction heat transfer param-
eter
CR non-dimensional radiation heat transfer parameter
c ratio of the speciﬁc heat of the perfect gas
dc density variation index in thermal conductivity
dR density variation index in absorption coefﬁcient
k ambient azimuthal velocity variation index
l ambient axial velocity variation index
p ratio
q density of the mixture
qsp density of solid particles
qga density of the perfect gas in the initial state
qg partial density of the gas in the mixture
r Stefan–Boltzman constant
/ reduced radial velocity
w reduced axial velocity
n non-dimensional azimuthal component of ﬂuid
velocity
~1 vorticity vector
1r radial component of vorticity vector
1h axial component of vorticity vector
1z azimuthal component of vorticity vector
Subscripts
a immediately ahead of the shock
n immediately behind the shock
S at constant entropy
T at constant temperature
0 reference state
1054 G. Nath
Cylindrical shock waves in rotational axisymmetric non-ideal dusty gas with heat ﬂuxes 1055appear because of friction between the particles and wave-par-
ticle interaction [11,12] respectively. Thus the rotation of plan-
ets or stars signiﬁcantly affects the process taking place in their
outer layers. Therefore question connected with the explosions
in rotating gas atmospheres is of deﬁnite astrophysical interest.
Chaturani [13] studied the propagation of cylindrical shock
wave through a gas having solid body rotation, and obtained
the solutions by a similarity method adopted by Sakurai [14].
Nath et al. [15] obtained the similarity solutions for the ﬂow
behind spherical shock waves propagating in a non-uniform
rotating interplanetary atmosphere with increasing energy.
Ganguly and Jana [16] studied a theoretical model of propaga-
tion of strong spherical shock waves in a self-gravitating atmo-
sphere with radiation heat ﬂux in presence of a magnetic ﬁeld.
They, also, considered the medium behind the shock to be
rotating, but neglected the rotation of the undisturbed med-
ium. Vishwakarma and Vishwakarma [17] and Vishwakarma
et al. [18] obtained the similarity solution for magnetogasdy-
namic cylindrical shock waves propagating in a rotating med-
ium which is perfect gas with variable density or a non-ideal
gas with constant density. In all of the works, mentioned
above, the ambient medium is supposed to have only one com-
ponent of velocity that is azimuthal component.
At extreme conditions that prevail in most of the problems
associated with shock waves, the assumption that the gas is
ideal is no longer valid. Anisimov and Spiner [19] have taken
an equation of state for non-ideal gases in a simpliﬁed form,
and investigated the effect of parameter for non-idealness on
the problem of strong point explosions, which describes the
behaviour of the medium satisfactorily at low densities. Ranga
Rao and Purohit [20] have studied the self-similar ﬂow of a
non-ideal gas driven out by an expanding piston and obtained
solutions by taking the equation of state suggested by Anisi-
mov and Spiner [19]. Vishwakarma and Nath [21] obtained
the similarity solutions for the ﬂow behind an exponential
shock in a non-ideal gas in both the cases, when the ﬂow
behind the shock was isothermal or adiabatic.
The study of shock waves in a mixture of a gas and small
solid particles is of great important due to its applications to
nozzle ﬂow, lunar ash ﬂow, bomb blast, coal-mine blast,
under-ground, volcanic and cosmic explosions, metallized pro-
pellant rocket, supersonic ﬂight in polluted air, collision of
coma with a planet, description of star formation, particle
acceleration in shocks, shock in supernova explosions, forma-
tion of dusty crystals and many other engineering problems
(see Pai et al. [22], Higashino and Suzuki [23], Miura and Glass
[24], Gretler and Regenfelder [25], Popel and Gisko [26],
Vishwakarma and Nath [27–29], Igra et al. [30], Sommerfeld
[31], Conforto [32], Elperin et al. [33], Miura [34], Vishwakarma
et al.[35], Nath [36,37]). Miura and Glass [38] obtained an ana-
lytical solution of a planar dusty gas ﬂow with constant veloc-
ities of the shock and the piston moving behind it. As they
neglected the volume occupied by the solid particles mixed into
the perfect gas, the dust virtually has a mass fraction but no
volume fraction. Their results reﬂect the inﬂuence of the addi-
tional inertia of the dust upon the shock propagation. Pai et al.
[22] generalized the well known solution of a strong explosion
due to an instantaneous release of energy in gas [7,39] to the
case of two-phase ﬂow of a mixture of perfect gas and small
solid particles, and brought out the essential effects due to
presence of dusty particles on such a strong shock wave. As
they considered non-zero volume fraction of solid particles inthe mixture, their results reﬂect the inﬂuence of both the
decrease of mixture compressibility and the increase of mix-
ture’s inertia on the shock propagation [40,35]. Vishwakarma
and Nath [27–29] and Gretler and Regenfelder [25] obtained
the similarity solution for strong shock waves in radiating
and non-radiating dusty gas (a mixture small solid particles
and non-ideal or perfect gas). Vishwakarma and Nath [27]
obtained the similarity solution for an unsteady ﬂow behind
a strong exponential shock driven out by a piston in a dusty
gas in both the cases, when the ﬂow between the shock and
the piston was isothermal or adiabatic. Vishwakarma et al.
[35] studied the propagation of shock waves in a dusty gas with
heat conduction, radiation heat ﬂux and exponentially varying
density using a non-similarity method. Nath [36] studied the
propagation of a strong cylindrical shock wave in a rotational
axisymmetric dusty gas with exponentially varying density, in
both the cases, when the ﬂow behind the shock was isothermal
or adiabatic, using a non-similarity method without taking the
effect of radiation. Recently, Nath [37] studied the self-similar
ﬂow of a rotating dusty gas behind the shock wave with con-
duction, radiation heat ﬂux and increasing energy by taking
into account the azimuthal and radial components of velocity
and without considering the vorticity vector. Also, he obtained
the solution with the assumption that the thermal conductivity
‘K’ and the absorption coefﬁcient aR of the medium vary with
temperature only.
In all of the work mentioned above, the effects of rotation
with variable azimuthal and axial components of velocity and
vorticity vector are not taken into account by any of the
authors in the case of dusty gas (a mixture of small solid par-
ticles and perfect or non-ideal gas) with increasing energy, in
the presence of conductive and radiative heat ﬂuxes.
In the present work, we obtained the similarity solutions for
the ﬂow behind the cylindrical shock wave propagating in a
rotational axisymmetric dusty gas (a mixture of perfect or
non-ideal gas and small solid particles) with increasing energy,
in presence of conductive and radiative heat ﬂuxes, which has a
variable azimuthal ﬂuid velocity together with a variable axial
ﬂuid velocity [41,36,42] by taking into account of the compo-
nents of vorticity vector. The medium is assumed to be rotat-
ing about the axis of symmetry due to its applications in
rotating stars or planets. The shock Mach number is not inﬁ-
nite, but has a ﬁnite value. The ﬂuid velocities in the ambient
medium are assumed to be obeying the power laws and the
density in the ambient medium is taken to be constant. Also,
the angular velocity of rotation of the ambient medium is
assumed to be decreasing as the distance from the axis
increases. It is expected that such an angular velocity may
occur in the atmospheres of rotating planets and stars
[29,36,42]. Our present study is the generalization of our earlier
works [29,37] by considering the presence of the axial ﬂuid
velocity and vorticity components.
In order to get some essential features of the shock propa-
gation, small solid particles are considered as a pseudo-ﬂuid,
and the mixture at a velocity and temperature equilibrium with
a constant ratio of speciﬁc heat [43]. For this gas particle mix-
ture to be treated as a so-called idealized equilibrium gas [44],
it is necessary to consider the particle diameter much smaller
than a characteristic length of the ﬂow-ﬁeld. In this case, we
may assume that the viscous stress of the mixture is negligible
(but not the heat conduction of the medium). Inspite of the
fact that the viscosity and heat conduction of the medium have
1056 G. Naththe same physical mechanism, the viscosity term are negligible
and may be dropped from the momentum and energy equa-
tions based on order of magnitude analysis applied to the con-
servation equations (Kamel et al. [45] have shown that the
inclusion of viscosity changes the ﬂow-ﬁeld parameters only
by order of 0.001%). The heat transfer ﬂuxes are expressed
in terms of Fourier’s law for heat conduction and a diffusion
radiation model for an optically thick grey dusty gas, which
is typical of large-scale explosions. The thermal conductivity
and absorption coefﬁcient of the gas are assumed to be pro-
portional to appropriate powers of temperature and density
[6,35]. Also, it is assumed that the dusty gas is grey and opa-
que, and the shock is isothermal. The assumption that the
shock is isothermal is a result of the mathematical approxi-
mation in which the heat ﬂux is taken to be proportional to
the temperature gradient; this excludes the possibility of tem-
perature jumps [8,46,47,35,29]. Radiation pressure and radi-
ation energy are neglected [2,3,6]. The assumption of an
optically thick grey gas is physically consistent with the
neglect of radiation pressure and radiation energy [5]. The
effects of the variation of the heat transfer parameters on
the ﬂow variables behind the shock are obtained. The effects
of an increase in (i) the parameter of non-idealness of the
gas in the mixture b, (ii) the mass concentration of solid par-
ticles in the mixture Kp, and (iii) the ratio of the density of
solid particles to the initial density of the gas Ga on the ﬂow
variables behind the shock are also investigated. The ﬁndings
of the present work provided a clear picture of whether and
how in the rotating medium the non-idealness of the gas, the
mass concentration of solid particles in the mixture, the ratio
of the density of solid particles to the initial density of the
gas in the mixture, and the conductive and radiative heat
transfer parameters affect the propagation of shock and
the ﬂow behind it. It is investigated that the heat transfer
parameters and the parameter of non-idealness of the gas,
both, decrease the compressibility of the gas and hence there
is a decrease in the shock strength whereas the reverse
behaviour is obtained with an increase in the ratio of the
density of solid particles to the initial density of the gas in
the mixture.2. Fundamental equations and the boundary conditions
We consider the medium to be a dusty gas (a mixture of
small solid particles and non-ideal gas). The equation of
state of the non-ideal gas in the mixture is taken to be
[19–21,28,29]
pg ¼ Rqg 1þ bqg
 
T; ð1Þ
where pg and qg are the partial pressure and partial density of
the gas in the mixture, T is the temperature of the gas (and of
the solid particles as the equilibrium ﬂow condition is main-
tained), R is the speciﬁc gas constant and ‘ b’ is the internal
volume of the molecules of the gas. In this equation the devi-
ations of an actual gas from the ideal state are taken into
account, which result from the interaction between its compo-
nent molecules. It is assumed that the gas is still so rareﬁed that
triple, quadruple, etc., collisions between molecules are negligi-
ble, and their interaction is assumed to occur only through bin-
ary collisions.The speciﬁc volume of solid particles is assumed to remain
unchanged by variations in temperature and pressure. There-
fore the equation of state of the solid particles in the mixture
is, simply,
qsp ¼ constant; ð2Þ
where qsp is the species density of the solid particles. Proceed-
ing on the same lines as in the Pai [43] and Vishwakarma and
Nath [28,29] we obtain the equation of state of the mixture as
p ¼ ð1 KpÞð1 ZÞ 1þ bqð1 KpÞ
 
qRT; ð3Þ
where p and q are the pressure and density of the mixture,
Z ¼ Vsp
V is the volume fraction and Kp ¼ mspm is the mass fraction
(concentration ) of the solid particles in the mixture, msp and
Vsp being respectively the mass and the volumetric extensions
of the solid particles in a volume V and mass m of the mixture.
The relation between Kp and Z is given by Pai [43]
Kp ¼
Zqsp
q
: ð4Þ
In the equilibrium ﬂow, Kp is constant in the whole ﬂow-ﬁeld.
Therefore, from Eq. (4),
Z
q
¼ constant ð5Þ
in the whole ﬂow ﬁeld. Also, we have the relation [43]
Z ¼ Kpð1 KpÞGþ Kp ; ð6Þ
where G ¼ qspqg is the ratio of the species density of solid particles
to the species density of the gas.
The internal energy per unit mass of the mixture may be
written as
Um ¼ KpCsp þ ð1 KpÞCv
 
T ¼ CvmT; ð7Þ
where Csp is the speciﬁc heat of the solid particles, Cv is the spe-
ciﬁc heat of the gas at constant volume process, and Cvm is the
speciﬁc heat of the mixture at constant volume process.
The speciﬁc heat of the mixture at constant pressure process
is
Cpm ¼ KpCsp þ ð1 KpÞCp; ð8Þ
where Cp is the speciﬁc heat of the gas at constant pressure
process.
The ratio of the speciﬁc heat of the mixture is given by Pai
et al. [22] and Pai [43]
C ¼ Cpm
Cvm
¼ c 1þ
db0
c
1þ db0 ; ð9Þ
where c ¼ Cp
Cv
, d ¼ Kpð1KpÞ and b
0 ¼ Csp
Cv
.
Now,
Cpm  Cvm ¼ ð1 KpÞðCp  CvÞ ¼ ð1 KpÞR; ð10Þ
neglecting the term containing b2q2 [19,21,28,29]. The internal
energy per unit mass of the mixture is, therefore, given by
Um ¼ pð1 ZÞðC 1Þq 1þ bqð1 KpÞ
  : ð11Þ
The fundamental equations governing the unsteady, adiabatic
axisymmetric rotational ﬂow of the mixture of a non-ideal gas
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heat ﬂux taken into account may in Eulerian coordinates, be
expressed as (c.f. Chaturani [13], Ghoniem et al. [6], Vishwak-
arma et al. [35], Levin and Skopina [41], Vishwakarma and
Nath [29], and Nath [36,37,42])@q
@t
þ u @q
@r
þ q @u
@r
þ uq
r
¼ 0; ð12Þ
@u
@t
þ u @u
@r
þ 1
q
@p
@r
 v
2
r
¼ 0; ð13Þ
@v
@t
þ u @v
@r
þ uv
r
¼ 0; ð14Þ
@w
@t
þ u @w
@r
¼ 0; ð15Þ
@Um
@t
þ u @Um
@r
 p
q2
@q
@t
þ u @q
@r
 
þ 1
rq
@
@r
ðrFÞ ¼ 0; ð16Þ
where r and t are independent space and time coordinates u; v
and w are the radial, azimuthal and axial components of the
ﬂuid velocity q
!
in the cylindrical coordinates ðr; h; zÞ and F
is the heat ﬂux.
Also,
v ¼ Ar; ð17Þ
where A is the angular velocity of the medium at radial dis-
tance r from the axis of symmetry. In this case the vorticity
vector
~1 ¼ 1
2
Curl ~q has the components
1r ¼ 0; 1h ¼ 
1
2
@w
@r
; 1z ¼
1
2r
@
@r
ðrvÞ: ð18Þ
The total heat-ﬂux F, which appears in the energy equation
may be decomposed as
F ¼ Fc þ FR; ð19Þ
where Fc is the conductive heat ﬂux and FR is the radiative heat
ﬂux.
According to Fourier’s law of heat conduction
Fc ¼ K @T
@r
; ð20Þ
where ‘K’ is the coefﬁcient of the thermal conductivity of the
gas and ‘T’ is the absolute temperature.
Assuming local thermodynamic equilibrium and using the
radiative diffusion model for an optically thick grey gas [48],
the radiative heat ﬂux FR may be obtained from the differential
approximation of the radiation transport equation in the diffu-
sion limit as
FR ¼  4
3
r
aR
 
@T4
@r
; ð21Þ
where r is the Stefan–Boltzman constant and aR is the Rosse-
land mean absorption coefﬁcient.
The thermal conductivity ‘K’ and the absorption coefﬁcient
aR of the medium are assumed to vary with temperature and
density. These can be written in the form of power laws,
namely [6,35,29]K ¼ K0 T
T0
 bc q
q0
 dC
; aR ¼ aR0
T
T0
 bR q
q0
 dR
; ð22Þ
where the subscript 0 denotes a reference state. In the above
equations the exponents and the constants K0; aR0 are to be
determined from gas-property data within the appropriate
temperature range; if a self-similar solution is sought they must
also satisfy the similarity requirements.
We assume that a cylindrical shock wave is propagating
outwards from the axis of symmetry in the undisturbed med-
ium (mixture of a non-ideal (or perfect gas) and small solid
particles) with constant density, which has zero radial velocity
and variable azimuthal and axial velocities. The ﬂow variables
immediately ahead of the shock front are
u ¼ 0; ð23Þ
q ¼ qa ¼ constant; ð24Þ
va ¼ BRk; ð25Þ
wa ¼ ERl; ð26Þ
F ¼ Fa ¼ 0 ðLaumbach and Probstein ½49Þ; ð27Þ
where R is the shock radius, B, E; k and l are constants, and
the subscript ‘a’ denotes the conditions immediately ahead of
the shock.
Therefore, from (13) and (25), we have
pa ¼
qaB
2R2k
2k
; k > 0; ð28Þ
where the undisturbed pressure upon the axes of symmetry
pað0Þ is taken to be zero, since for pað0Þ > 0 the ﬂow would
not be self-similar.
Ahead of the shock, the components of the vorticity vector,
therefore vary as
1ra ¼ 0; ð29Þ
1ha ¼ 
El
2
Rl1; ð30Þ
1za ¼
Bð1þ kÞ
2
Rk1: ð31Þ
From Eqs. (25) and (17), we ﬁnd that the initial angular
velocity varies as
Aa ¼ BRk1; ð32Þ
It decreases as the distance from the axis increases, if
k 1 < 0.
For an isentropic change of state of the mixture of non-
ideal gas and small solid particles, under the thermodynamic
equilibrium condition, we may calculate the so-called equilib-
rium speed of sound of the mixture, as follows:
am ¼ @p
@q
 1
2
S
¼ Cþ ð2C ZÞbqð1 KpÞ
 	
p
ð1 ZÞq 1þ bqð1 KpÞ
 	
" #1
2
; ð33Þ
neglecting b2q2, where subscript ‘S’ refers to the process of con-
stant entropy. In addition, the isothermal speed of sound may
also play a role, when thermal radiation is taken into account.
The isothermal sound speed in the mixture is
1058 G. Nathaiso ¼ @p
@q
 1
2
T
¼ 1þ ð2 ZÞbqð1 KpÞ
 	
p
ð1 ZÞq 1þ bqð1 KpÞ
 	
" #1
2
; ð34Þ
where the subscript ‘T’ refers to the process of constant
temperature.
The disturbance is headed by an isothermal shock the for-
mation of the isothermal shock is a result of the mathematical
approximation in which the ﬂux is taken to be proportional to
the temperature gradient. This excludes the possibility of a
temperature jump (see for example Zel’dovich and Raizer [8],
Vishwakarma et al. [35], Rosenau and Frankenthal [46,47],
Vishwakarma and Nath [29], and Nath [37]) and hence, the
conditions across it are
qnðV unÞ ¼ qaV; ð35Þ
pn þ qnðV unÞ2 ¼ pa þ qaV2; ð36Þ
Umn þ
pn
qn
þ 1
2
ðV unÞ2  FnqaV
¼ Uma þ
pa
qa
þ 1
2
V2; ð37Þ
vn ¼ va; ð38Þ
wn ¼ wa; ð39Þ
Zn
qn
¼ Za
qa
; ð40Þ
Tn ¼ Ta; ð41Þ
where the subscript ‘n’ denotes the conditions immediately
behind the shock front and V ¼ dR
dt
denotes the velocity of
the shock front.
From Eqs. (35)–(41), we obtain
un ¼ ð1 bÞV; ð42Þ
qn ¼
qa
b
; ð43Þ
pn ¼ ð1 bÞ þ
1
cM2

 
qaV
2; ð44Þ
Fn ¼ ð1 bÞ Za þ bð1 KpÞ
cM2ðb ZaÞ 1þ bð1 KpÞ
  1
2
ð1þ bÞ
" #
qaV
3;
ð45Þ
vn ¼ BRk; ð46Þ
wn ¼ ERl; ð47Þ
Zn ¼ Zab ; ð48Þ
where M ¼ qaV2cpa
 1
2
is the shock Mach number referred to the
frozen speed of sound cpaqa
 1
2
in the perfect gas, and b ¼ bqa
is the parameter of non-idealness of the gas. The density ratiobð0 < b < 1Þ across the shock front is obtained from the cubic
equation
b3b2 Zaþ1þ 1
cM2

 
þ ð1KpÞZabð1þ cM
2ÞþZacM2þ1
½1þbð1KpÞcM2
( )
bþ ð1ZaÞbð1KpÞ½1þbð1KpÞcM2
¼ 0: ð49Þ
For all values of the parameters c; b;M;Kp;Ga , b
0 within phys-
ical limit, Eq. (49) gives three different values of b out of which
only one lies in the required range 0 < b < 1 satisfying the
physical limit of the considered problem.
The expression for the initial volume fraction of the solid
particles ‘Za’ is given by, from Eq. (6),
Za ¼
Vsp
Va
¼ Kpð1 KpÞGa þ Kp ; ð50Þ
where Ga ¼ qspqga is the ratio of the species density of the solid
particles to the initial species density of the gas qga in the
mixture.
Following Levin and Skopina [41] and Nath [36,42], we
obtain the jump conditions for the components of vorticity
vector across the shock as
1hn ¼
1ha
b
; ð51Þ
1zn ¼
1za
b
: ð52Þ
Also, the relation between M and the effective shock-Mach
number Me is
M2 ¼ M
2
e
cð1ZaÞ 1þbð1KpÞf g
Cþð2CZaÞð1KpÞb

  ; ð53Þ
where Me is deﬁned by
Me ¼ shock speed
sound speed in two phase flow
¼ V
Cþð2CZaÞð1KpÞbf gpa
qað1ZaÞ 1þbð1KpÞf g

 1
2
: ð54Þ
The total energy E of the ﬂow-ﬁeld behind the shock is not
constant, but assumed to be time dependent and varying as
[50]
E ¼ E0ts; ð55Þ
where ‘s’ is a non-negative number and E0 is a constant. The
positive values of ‘s’ correspond to the class in which the total
energy increases with time. This increase can be achieved by
the pressure exerted on the ﬂuid by the inner expanding surface
(a contact surface or a piston). This surface may be, physically,
the surface of the stellar corona or the condensed explosives or
the diaphragm containing a very high-pressure driver gas. By
sudden expansion of the stellar corona or the detonation prod-
ucts or the driver gas into the ambient gas, the shocked gas is
separated from this expanding surface which is a contact dis-
continuity. This contact surface acts as a ‘piston’ for the shock
wave. Thus the ﬂow is headed by a shock front and has an
expanding surface as an inner boundary. The situation very
much of the same kind may prevail during the formation of
Cylindrical shock waves in rotational axisymmetric non-ideal dusty gas with heat ﬂuxes 1059a cylindrical spark channel from exploding wires. In addition,
in the usual cases of spark break down, time-dependent energy
input is a more realistic assumption than instantaneous energy
input [51].
3. Similarity solutions
We introduce the following similarity transformations to
reduce the equations of motion into ordinary differential
equations
u ¼ VUðXÞ; v ¼ VnðXÞ; w ¼ VWðXÞ;
q ¼ qaDðXÞ; p ¼ qaV2PðXÞ; F ¼ qaV3QðXÞ;
Z ¼ ZaDðXÞ; ð56Þ
where U, n, W, D, P and Q are functions of the non-dimen-
sional variable X ¼ r
R
. The shock front is represented by X ¼ 1.
The total energy of the disturbance is given by
E ¼ 2p
Z R
rp
q
1
2
ðu2 þ v2 þ w2Þ þUm

 
rdr ¼ E0ts; ð57Þ
where rp is the radius of the inner expanding surface or piston.
Applying the similarity transformations (56) to the relation
(57), we ﬁnd that the motion of the shock front is given by
the equation
R2V2 ¼ E0t
s
2pqaJ
; ð58Þ
where
J ¼
Z 1
Xp
1
2
DðU2 þ n2 þW2Þ þ Pð1ZaDÞðC 1Þ 1þ bDð1KpÞ
 	
" #
XdX;
ð59Þ
in which Xp being the value of X at the inner expanding sur-
face. Eq. (58) can be written as
R
dR
dt
¼ E0
2pqaJ
 1
2
t
s
2; ð60Þ
which on integration gives
R ¼ 8E0
pqaJ
 1
4 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sþ 2p t
sþ2
4 : ð61Þ
From (60), we get the shock velocity
V ¼ dR
dt
¼ ðsþ 2Þ
4
R
t
¼ 8E0
pqaJ
  1
sþ2 ðsþ 2Þ ssþ2ð Þ
4
R
ðs2Þ
ðsþ2Þ: ð62Þ
For existence of similarity solution the shock-Mach number
‘M’ should be a constant; therefore k ¼ s2
sþ2
 
. Thus
M2 ¼ kðsþ 2Þ
2s
sþ2ð Þ
8cB2
8E0
pqaJ
  2
sþ2
¼ constant; ð63Þ
where s > 2. Eq. (63) shows that the solutions of the pres-
ent problem can not be reduced to the case in which the
ambient medium is non-rotating (i.e. the case in which
B ¼ 0;E ¼ 0).
The shock conditions (42)–(48) are transformed into
Uð1Þ ¼ ð1 bÞ; ð64ÞDð1Þ ¼ 1
b
; ð65Þ
Pð1Þ ¼ ð1 bÞ þ 1
cM2

 
; ð66Þ
nð1Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k
cM2
s
; ð67Þ
Wð1Þ ¼ E

B
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k
cM2
s
; ð68Þ
Qð1Þ¼ ð1bÞ Zaþbð1KpÞ
cM2ðbZaÞ 1þbð1KpÞ
 1
2
ð1þbÞ
" #
: ð69Þ
To obtain the solution in a convenient form, we introduce
the following transformations
g ¼ q
qn
; Y ¼ p
pn
; / ¼ u
V
; h ¼ v
V
; w ¼ w
V
; f ¼ F
Fn
:
ð70Þ
Using the transformations (70), the equations of the motion
(12)–(16) take the formð/ XÞ dg
dX
þ g d/
dX
þ g/
X
¼ 0; ð71Þ
ð/ XÞ d/
dX
þ ð1 bÞ þ 1
cM2

 
b
g
dY
dX
þ k/ h
2
X
¼ 0; ð72Þ
ð/ XÞ dh
dX
þ hkþ h/
X
¼ 0; ð73Þ
ð/ XÞ dw
dX
þ wk ¼ 0; ð74Þ
ðb ZagÞð/ XÞ dY
dX
 SYð/ XÞ dg
dX
þ 2ðb ZagÞkY
þ ðC 1ÞL½bþ bð1 KpÞg
1
cM2
þ ð1 bÞ
h i df
dX
þ f
X
 
¼ 0; ð75Þ
where
SðXÞ ¼ Za þ ðb ZagÞ½bþ 2bð1 KpÞg½bþ bð1 KpÞgg
þ ½bþ bð1 KpÞgðC 1Þ
g
" #
and
L ¼ ð1 bÞ Za þ bð1 KpÞðb ZaÞ½1þ bð1 KpÞcM2
 1
2
ð1þ bÞ
" #
:
By using Eqs. (20)–(22) in (19), we obtainF ¼  K0
T
bc
0 q
dc
0
ðqÞdcðTÞbc þ 16rT
bR
0 q
dR
0
3aRa
ðTÞ3bRðqÞdR
" #
@T
@r
:
ð76Þ
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f¼
K0 sþ2ð Þbc 8E0pJqa
 ðbc1Þ
2
qðdc1Þa
T
bc
0 q
dc
0 R
ð Þbc4ð2bcþ1Þ ð1KpÞ
ð1þbcÞ g
b
 dcbc
2
664

YðbZagÞ½ð1bÞþ 1cM2
½bþbð1KpÞg
( )bc
ðtÞ ð12bcÞþðsþ2Þðbc1Þ2½ 
þ
16rTbR0 q
dR
0
8E0
pqaJ
 ð2bR Þ
2
sþ2ð Þð3bRÞ
3aR0q
ðdRþ1Þ
a 4
ð52bRÞRð4bRÞ
YðbZagÞ ð1bÞþ 1cM2
h i
½bþbð1KpÞg
8<
:
9=
;
ð3bRÞ
 ð1KpÞðbR4Þ gb
 ð3dRbRÞ
ðtÞ ð2bR5Þþ
ð2bR Þðsþ2Þ
2
 #

b½ð1bÞþ 1
cM2

gL½bþbð1KpÞg
ðbZagÞdY
dX
þ½ðZag2bÞgbð1KpÞb
2Y
½bþbð1KpÞgg
dg
dX
" #
:
ð77Þ
Eq. (77) shows that the similarity solution of the present prob-
lem exists only when
bc ¼
s
s 2
 
and bR ¼ 2
s 3
s 2
 
: ð78Þ
Similar expressions of bR were obtained earlier by Sedov [7],
Elliott [2], Helliwell [4] and Nicastro [5] by the use of dimen-
sional analysis. Also, Ghoniem et al. [6] obtained the similar
type of expression for bc and bR. The expressions given above
show the effect of the process of energy exchange, reﬂected by
the dependence of bc and bR on the total energy index s. There-
fore Eq. (77) becomes
f ¼ N
L
ðb ZagÞ dY
dX
þ ½ðZag 2bÞgbð1 KpÞ  b
2Y
½bþ bð1 KpÞgg
dg
dX
" #
;
ð79Þ
where
NðXÞ ¼ Cc gb
  dc ss2ð Þ
þ CR gb
  s
s2dRð Þ" # sþ 2ð Þ ss2ð Þ
4
sþ2
s2ð Þ
 ½1 KP2
1s
s2ð Þ Yðb ZagÞ½ð1 bÞ þ
1
cM2

½bþ bð1 KpÞgg
( ) s
s2ð Þ
b ð1 bÞ þ 1
cM2
h i
g½bþ bð1 KpÞg
2
4
3
5
and
Cc and CR are the conductive and radiative non-dimensional
heat transfer parameters, respectively. The parameters Cc
and CR depend on the thermal conductivity K and the mean
free path of radiation 1aR, respectively, and also on the exponent
s, and they are given by
Cc ¼ K0q
ð1dcÞ
a
T
bc
0 q
dc
0 R
ð Þðbcþ1Þ
8E0
pJqa
 ðbc1Þ
2
and
CR ¼ 16rT
bR
0 q
dR
0 R
ðbR4Þ
3aR0q
ðdRþ1Þ
a
8E0
Jpqa
 ð2bR Þ
2
:
In terms of the dimensionless variables X;/; g;Y; f; h and w
the shock conditions take the formX ¼ 1; /ð1Þ ¼ ð1 bÞ; gð1Þ ¼ 1; Yð1Þ ¼ 1;
fð1Þ ¼ 1; hð1Þ ¼ 2k
cM2
 1
2
; wð1Þ ¼ E

B
 
2k
cM2
 1
2
; ð80Þ
where it is necessary to use k ¼ l. In addition to the shock con-
ditions (80), the condition to be satisﬁed at the inner boundary
surface is that the velocity of the ﬂuid is equal to the velocity of
inner boundary itself. This kinematic condition, from Eqs. (56)
and (70), can be written as
/ðXpÞ ¼ Xp: ð81Þ
By solving Eqs. (71)–(75), (79) for d/
dX
, dY
dX
, dh
dX
, dw
dX
, df
dX
and dg
dX
, we
have
d/
dX
¼ ð/ XÞ
g
dg
dX
 /
X
; ð82Þ
dY
dX
¼
g ð/XÞ
2
g
dg
dX
þ /ð/XÞ
X
 k/þ h2
X
h i
b ð1 bÞ þ 1
cM2
h i ; ð83Þ
dh
dX
¼  hð/ XÞ kþ
/
X

 
; ð84Þ
dw
dX
¼  wkð/ XÞ ; ð85Þ
df
dX
¼
ð1 bÞ þ 1
cM2
h i
LðC 1Þ½bþ bð1 KpÞg
ð/ XÞSY ðb ZagÞð/ XÞ
3
ð1 bÞ þ 1
cM2
h i
b
2
4
3
5 dg
dX
 2ðb ZagÞkY
2
4
 ðb ZagÞð/ XÞg
ð1 bÞ þ 1
cM2
h i
b
/ð/ XÞ
X
 k/þ h
2
X

 35 f
X
; ð86Þ
dg
dX
¼
gðbZagÞ
ð1bÞþ 1
cM2
h i
b
k/ /ð/XÞ
X
 h2
X
h i
 fL
N
ðZag2bÞgbð1KpÞb2½ Y
bþbð1KpÞg½ g þ
ðbZagÞð/XÞ2
ð1bÞþ 1
cM2
h i
b
2
4
3
5
: ð87Þ
Also, applying the similarity transformations on Eqs. (18),
we obtain the non-dimensional components of the vorticity
vector lr ¼ 1rV=R, lh ¼ 1hV=R, lz ¼ 1zV=R in the ﬂow-ﬁeld behind the
shock as
lr ¼ 0; ð88Þ
lh ¼  kw
2ð/ XÞ ; ð89Þ
lz ¼  ðkþ 1Þh
2ð/ XÞ : ð90Þ
The adiabatic compressibility of the mixture of non-ideal gas
and small solid particles may be calculated as (c.f. Moelwyn-
Hughes [52], Vishwakarma and Nath [29], and Nath [37])
Cadi ¼ 1q
@q
@p
 
S
¼ ð1 ZÞ 1þ bqð1 KpÞ
 
Cþ ð2C ZÞbqð1 KpÞ
 
p
; ð91Þ
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@p
 
S
denotes the derivative of q with respect to p at
constant entropy S.
By using Eq. (70) in (34) and (91) we get the expression for
reduced isothermal speed of sound and adiabatic compressibil-
ity as
aiso
V
¼
b2 þ ð2b ZagÞbgð1 KpÞ
 	
bY 1
cM2
þ ð1 bÞ
n o
ðb ZagÞg bþ bgð1 KpÞ
 	
2
4
3
5
1
2
;
ð92Þ
ðCadiÞpa ¼
ðb ZagÞ½bþ bgð1 KpÞ
½ð1 bÞcM2 þ 1½Cb2 þ bgð1 KpÞð2Cb ZagÞY
;
ð93Þ
respectively. The ordinary differential Eqs. (82)–(87) with
boundary conditions (80) and (81) can now be numerically
integrated to obtain the solution for the ﬂow behind the shock
front.
4. Results and discussion
Similarity considerations lead to the following relations among
the constants k; l and s
k ¼ l ¼ ðs 2Þðsþ 2Þ ; 0 < k < 1 ðThus s > 2Þ:
Hence, only increasing velocity shock may exist. The distribu-
tion of the ﬂow variables between the shock front (X ¼ 1) and
the inner expanding surface or piston (X ¼ Xp) is obtained by
the numerical integration of the set of ordinary differential
Eqs. (82)–(87) with the boundary conditions (80) and (81) byTable 1 Variation of the density ratio b across the shock front and th
of Kp, Ga and b for b
0 ¼ 1, c ¼ 1:4, M ¼ 5, s ¼ 10, Cc ¼ 1, CR ¼ 10.
Kp C Ga Za b
0 1.4 0 0 0
0.05
0.1
0.2 1.32 20 0.0123457 0
0.05
0.1
100 0.0024937 0
0.05
0.1
0.3 1.28 20 0.020979 0
0.05
0.1
100 0.004267 0
0.05
0.1
0.4 1.24 20 0.0322581 0
0.05
0.1
100 0.0066225 0
0.05
0.1the Runge–Kutta method of fourth order. For the purpose
of numerical integration, the values of the constant parameters
are taken to be s ¼ 10; c ¼ 1  4; M ¼ 5; b0 ¼ 1; Kp ¼ 0, 0.2,
0.3, 0.4;Ga ¼ 20, 100; b ¼ 0, 0.05, 0.1; Cc ¼ 0:001, 3, 10, 20,
1; and CR ¼ 3, 5, 10, 20,1 [22,24,27–29,35,37]. Starting from
the shock front, the numerical integration is carried out until
the singularity of the similarity solution /ðXPÞ ¼ Xp is
reached. This marks the inner boundary of the disturbance
(i.e. the position of the inner expanding surface). The value
c ¼ 1  4; b0 ¼ 1 , may correspond to the mixture of air and
glass particles [38]. The value Kp ¼ 0 corresponds to the dust
free case and Kp ¼ 0, b ¼ 0 to the perfect gas case. The value
M ¼ 5 of the shock Mach number is appropriate, because
we have treated the ﬂow of a mixture of a non-ideal gas and
a pseudo-ﬂuid (small solid particles) at a velocity and temper-
ature equilibrium. The assumption of velocity and temperature
equilibrium may be a good approximation for strong shock
waves, because the thickness of the relaxation zone behind
the shock front becomes very small for high Mach numbers
[25,35,29,37]. The set of values Cc ¼ 1, CR ¼ 10 is the represen-
tative of the case in which there is heat transfer by both con-
duction and radiative diffusion. Also, the set of values
dc ¼ 1; dR ¼ 2 is the representative of the case of high-temper-
ature, low density medium [6].
Values of the density ratio across the shock front b and the
position of the inner expanding surface Xp are tabulated in
Table 1 with different values of Kp;Ga and b for
c ¼ 1  4;M ¼ 5; b0 ¼ 1;Cc ¼1, CR ¼ 10 and s ¼ 10.
Figs. 1 and 2 show the variation of the reduced ﬂow vari-
ables u
V
; v
V
; w
V
; qqn ;
p
pn
; F
Fn
, the non-dimensional azimuthal compo-
nent of vorticity vector lh, the non-dimensional axial
component of vorticity vector lz , the reduced isothermal speede position of the inner expanding surface Xp with different values
b 1 b ¼ unV
 
Position of
the inner expanding
surface Xp ¼ upV
 
0.0285714 0.9714286 0.988045
0.0538411 0.9461589 0.977551
0.0672148 0.9327852 0.973555
0.0409171 0.9590829 0.981864
0.0592385 0.9407615 0.973991
0.0705467 0.9294533 0.969656
0.0310652 0.9689348 0.986642
0.0521034 0.9478966 0.977267
0.064034 0.935966 0.972493
0.0495504 0.9504496 0.977489
0.0642686 0.9357314 0.971105
0.0742096 0.9257904 0.967063
0.0328389 0.9671611 0.985685
0.0515144 0.9484856 0.977175
0.0625798 0.9374202 0.972453
0.0608295 0.939105 0.971724
0.0720127 0.9279873 0.966845
0.080316 0.919684 0.963339
0.0351939 0.9648061 0.984439
0.0513063 0.9486937 0.976977
0.0613713 0.9386287 0.972496
Fig. 1 Distribution of the ﬂow variables in the region behind the shock front for Cc ¼ 1;CR ¼ 10 (a) reduced radial velocity uV, (b)
reduced azimuthal velocity v
V
, (c) reduced axial velocity w
V
, (d) reduced density qqn
, (e) reduced pressure p
pn
, (f) reduced total heat ﬂux F
Fn
, (g)
non-dimensional azimuthal component of vorticity vector lh, (h) non-dimensional axial component of vorticity vector lz (i) reduced
isothermal speed of sound aiso
V
, (j) adiabatic compressibility ðCadiÞpa; 1. Kp ¼ 0, b ¼ 0 (perfect gas); 2. Kp ¼ 0, b ¼ 0:05; 3. Kp ¼ 0, b ¼ 0:1; 4.
Kp ¼ 0:2, Ga ¼ 20, b ¼ 0; 5. Kp ¼ 0:2, Ga ¼ 20, b ¼ 0:05; 6. Kp ¼ 0:2, Ga ¼ 20, b ¼ 0:1; 7. Kp ¼ 0:2, Ga ¼ 100, b ¼ 0; 8. Kp ¼ 0:2,
Ga ¼ 100, b ¼ 0:05; 9. Kp ¼ 0:2, Ga ¼ 100, b ¼ 0:1; 10. Kp ¼ 0:4, Ga ¼ 20, b ¼ 0; 11. Kp ¼ 0:4, Ga ¼ 20, b ¼ 0:05; 12. Kp ¼ 0:4, Ga ¼ 20,
b ¼ 0:1; 13. Kp ¼ 0:4, Ga ¼ 100; b ¼ 0; 14. Kp ¼ 0:4, Ga ¼ 100; b ¼ 0:05; 15. Kp ¼ 0:4, Ga ¼ 100; b ¼ 0:1.
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V
and adiabatic compressibility ðCadiÞpa with X at
various values of the parameters Kp;Ga; b , Cc and CR.
Table 1 shows the variation of the density ratio b across the
shock front and the position of the inner expanding surface Xp
with different values of Kp;Ga and b for b
0 ¼ 1; c ¼ 1:4;
M ¼ 5; s ¼ 10;Cc ¼ 1;CR ¼ 10, and Tables 2 and 3 show the
position of the inner expanding surface for different values of
Cc (for CR ¼ 10) and CR (for Cc ¼ 1) respectively, with
Kp ¼ 0:2, Ga ¼ 20; b ¼ 0:05, b0 ¼ 1, c ¼ 1:4;M ¼ 5; s ¼ 10. It
is shown that, as wemove inwards from the shock front towards
the inner expanding surface (piston), the reduced radial compo-
nent of ﬂuid velocity u
V
, the reduced pressure p
pn
, the reduced den-
sity qqn
, the non-dimensional axial component of vorticity vector
lz , and the isothermal speed of sound
aiso
V
increase in general. The
ﬂow variables u
V
; qqn
; p
pn
; lz and
aiso
V
have higher values at the inner
expanding surface than at the shock front. In fact, since the total
energy increases with time, the velocity of the inner expanding
surface is higher than the ﬂuid velocity behind the shock. This
fact can be seen from the Table 1 which displays that Xp ¼ upV
 
is greater than 1 b ¼ un
V
 
. Therefore, most of the mass is con-
centrated near the piston than at the shock front. In Figs. 1 and
2, it is also seen that the reduced azimuthal component of ﬂuid
velocity v
V
, the reduced axial component of ﬂuid velocity w
V
, the
reduced total heat ﬂux F
Fn
, azimuthal component of vorticityvector lh and the adiabatic compressibility ðCadiÞpa decrease,
in general, as we move inwards from the shock front. The
behaviour of the heat ﬂux proﬁles is similar to those obtained
by Elliott [2], Ghoniem et al. [6], and Vishwakarma et al. [35].
Our present study is the generalization of our earlier works
[37,29] by considering the presence of axial ﬂuid velocity and
the vorticity components (Figs. 1(c), (g) and (h) and 2(c), (g)
and (h)). In the present work, we have also studied the effects
of variation of heat ﬂux parameters Cc and CR on the ﬂow pro-
ﬁles behind the shock (Fig. 2(a)–(j)), and the variation of adia-
batic compressibility with the parameters Kp;Ga; b , Cc and CR.
The effects of an increase in the value of the parameter of
non-idealness b of the gas are:
(i) to increase the value of b (i.e. to decrease the shock
strength, see Table 1);
(ii) to increase the distance of the inner expanding surface
ð1 XpÞ from the shock front (see Table 1), i.e. the
ﬂow-ﬁeld behind the shock becomes somewhat rareﬁed.
This shows the same result as in (i), i.e. there is a
decrease in the shock strength;
(iii) to decrease the reduced radial component of ﬂuid veloc-
ity uV , the reduced pressure
p
pn
, the non-dimensional axial
component of vorticity vector lz , and to increase the
Fig. 2 Distribution of the ﬂow variables in the region behind the shock front for Kp ¼ 0:2, Ga ¼ 20; b ¼ 0:05 (a) reduced radial velocity
u
V
, (b) reduced azimuthal velocity v
V
, (c) reduced axial velocity w
V
, (d) reduced density qqn
, (e) reduced pressure p
pn
, (f) reduced total heat ﬂux F
Fn
,
(g) non-dimensional azimuthal component of vorticity vector lh, (h) non-dimensional axial component of vorticity vector lz (i) reduced
isothermal speed of sound aiso
V
, (j) adiabatic compressibility ðCadiÞpa; 1. Cc ¼ 0:001, CR ¼ 10; 2. Cc ¼ 3, CR ¼ 10; 3. Cc ¼ 10, CR ¼ 10, 4.
Cc ¼ 20, CR ¼ 10; 5. Cc ¼ 1, CR ¼ 10; 6. CR ¼ 3, Cc ¼ 1; 7. CR ¼ 5, Cc ¼ 1; 8. CR ¼ 10, Cc ¼ 1; 9. CR ¼ 20, Cc ¼ 1; 10. CR ¼ 1, Cc ¼ 1.
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Fig. 2. (continued)
Table 2 Position of the inner expanding surface Xp for
different values of CR with Cc ¼ 1, Kp ¼ 0:2, Ga ¼ 20, b ¼ 0:1,
b0 ¼ 1, c ¼ 1:4, M ¼ 5, s ¼ 10.
CR Position of the inner expanding surface Xp
3 0.973631
5 0.971511
10 0.969656
20 0.968517
1 0.967149
Table 3 Position of the inner expanding surface Xp for
different values of Cc with CR ¼ 10, Kp ¼ 0:2, Ga ¼ 20, b ¼ 0:1,
b0 ¼ 1, c ¼ 1:4, M ¼ 5, s ¼ 10.
Cc Position of the inner expanding surface Xp
0.01 0.970964
3 0.969033
10 0.967790
20 0.967501
1 0.967222
Cylindrical shock waves in rotational axisymmetric non-ideal dusty gas with heat ﬂuxes 1065reduced azimuthal component of ﬂuid velocity vV , the
reduced axial component of ﬂuid velocity wV , the reduced
total heat ﬂux FF n , the non-dimensional azimuthal com-
ponent of vorticity vector lh and the isothermal speed
of sound aisoV at any point in the ﬂow-ﬁeld behind the
shock (see Fig. 1(a)–(c), and (e)–(i));
(iv) to decrease the reduced density qqn
in general but it
remains unaffected for Kp ¼ 0:4;Ga ¼ 20 (see
Fig. 1(d)); and
(v) to decrease the adiabatic compressibility ðCadiÞpa in gen-
eral, but to increase it when Kp ¼ 0:4;Ga ¼ 20 (see
Fig. 1(j)).
In fact, an increase in the value of the parameter of non-ide-
alness of the gas b decreases the compressibility of the gas
which results in (i), (ii) and (iv) given above.
Fig. 1(a)–(j) shows that for the given values of Cc;CR
and Kp, the effects of an increase in the ratio of the den-
sity of the solid particles to the initial density of the gas
Ga are:
(i) to decrease the value of b (i.e. to increase the shock
strength, see Table 1);
1066 G. Nath(ii) to decrease the distance of the inner expanding surface
from the shock front (see Table 1).This means that an
increase in the ratio of the species density of the solid
particles to the initial species density of the gas has an
effect of increasing the shock strength, which is the same
as indicated in (i) above;
(iii) to increase the ﬂow variables uV ;
q
qn
, ppn
; lz and adiabatic
compressibility ðCadiÞpa but to decrease vV ; wV ; FF n ; lh andaiso
V (see Fig. 1(a)–(j)).
The above effects are more impressive at higher values of
Kp. These effects may be physically interpreted as follows:
By an increase in Ga (at constant Kp), there is high decrease
in Za, i.e. the volume fraction of solid particles in the undis-
turbed medium becomes, comparatively, very small. This
causes comparatively more compression of the mixture in the
region between shock and inner expanding surface, which dis-
plays the above effects.
Also, Fig. 1(a)–(j) shows that for the given values of Cc;CR
and Ga the effects of an increase in the mass concentration of
the solid particles Kp are.
(i) to decrease the shock strength (i.e. to increase the value
of b) when Ga ¼ 20 and to increase it (i.e. to decrease the
value of b ) when Ga ¼ 100; b– 0 (see Table 1);
(ii) to increase the distance of the inner expanding surface
from the shock front when Ga ¼ 20, the effect is small
and of opposite nature,when Ga ¼ 100; b ¼ 0:1;Kp >
0:3 (see Table 1);
(iii) to decrease the ﬂow variables uV ,
p
pn
; lz and to increase
the ﬂow variables vV ,
w
V ; lh and
aiso
V in general (see
Fig. 1(a)–(c), (e), (g)–(i));
(iv) to decrease the adiabatic compressibility ðCadiÞpa and to
increase it for Ga ¼ 100; b– 0 (see Fig. 1(j)); and
(v) to decrease the total heat ﬂux FF n and density
q
qn
, whereas
F
F n
increases for b ¼ 0;Ga ¼ 20 (see Fig. 1(d) and (f)).
Physical interpretation of these effects is as follows:
In case of Ga ¼ 20, an increase in Kp reduces the com-
pressibility of the medium due to increase in inertia of the
mixture. This causes an increase in the distance between the
shock front and the inner expanding surface, a decrease in
the shock strength, and the above behaviour of the ﬂow vari-
ables. Similar effects can be obtained for Ga ¼ 100; b ¼ 0. In
the case of Ga ¼ 100; b – 0 Fig. 1(j) shows an increase in
ðCadiÞpa due to increase in Kp. This increase in ðCadiÞpa is
not because of the increase in the compressibility Cadi , but
is the result of increase in the pressure pa due to increase in
the mass of the mixture.
Fig. 2(a)–(j) shows that the effects of an increase in the
value of radiative heat transfer parameter CR are:
(i) to decrease the reduced radial component of ﬂuid veloc-
ity uV , reduced density
q
qn
, reduced pressure ppn
, reduced
total heat ﬂux FF n and axial component of vorticity vector
lz (see Fig. 2(a), (d), (e), (f), and (h));
(ii) to increase the reduced azimuthal component of ﬂuid
velocity vV , axial component of ﬂuid velocity
w
V , azimuthal
component of vorticity vector lh, the isothermal speed of
sound aisoV and the adiabatic compressibility ðCadiÞpa (see
Fig. 2(b), (c), (g), (i), and (j)); and(iii) to increase the distance between the inner expanding
surface and the shock front (see Table 2). This means
that an increase in the value of conductive heat transfer
parameter has an effect of decreasing the shock strength
i.e. the ﬂow ﬁeld behind the shock becomes somewhat
rareﬁed.
Fig. 2(a)–(j) shows that, the effects of an increase in the
value of conductive heat transfer parameter Cc are very similar
to those of an increase in CR.
5. Conclusions
The present work investigates the similarity solutions for the
propagation of cylindrical shock wave in a rotational axisym-
metric dusty gas (a mixture of non-ideal or perfect gas and
small solid particles) with heat conduction and radiation heat
ﬂux and increasing energy. The effects of variation of heat
transfer parameters, the parameters of the non-idealness of
the gas, the mass concentration of solid particles in the mixture
Kp and the ratio of the density of solid particles to the initial
density of the gas Ga are investigated. On basis of this work,
one may draw the following conclusions:
(i) An increase in the parameter of conductive (or radiative)
heat transfer Cc (or CR) decreases the shock strength and
widens the disturbed region between the shock and the
inner expanding surface.
(ii) An increase in the parameter of non-idealness of the gas
has signiﬁcant effects on the ﬂow-variables between the
shock and the inner expanding surface. An increase in
the value of the parameter of non-idealness of the gas
and the conductive (or radiative) heat transfer parame-
ter exhibits similar effects on the shock strength and
on the distance between the shock front and the inner
expanding surface.
(iii) An increase in the ratio of the density of solid particles
to the initial density of the gas Ga affects signiﬁcantly
the ﬂow variables, increases the shock strength and com-
presses the disturbed region between the shock and the
inner expanding surface.
(iv) An increase in the mass concentration of solid particles
in the mixture Kp, also, has signiﬁcant effects on the ﬂow
variables between the shock and the piston. When
Ga ¼ 20, the effects of an increase in the value of Kp,
on the shock strength and on the distance between pis-
ton and shock front and compressibility are similar to
those of an increase in the value of Ga, but the reverse
behaviour is obtained when Ga ¼ 100; b– 0.
The article concerns with the explosion problem in rotating
medium, however the methodology and analysis presented
here may be used to describe many other physical systems
involving non-linear hyperbolic partial differential equations.
The examples we have given make clear the nature of shock
waves in dusty medium. However, they serve mainly as illus-
trations of how the shock waves in dusty medium can be
described. In reality, many other processes can be important
and a more comprehensive analysis of the shock can be
important for applications in astrophysics. The shock waves
in a rotational axisymmetric dusty gas with conductive and
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for description of shocks in supernova explosions and in the
study of star burst galaxies, nuclear explosion, rupture of a
pressurized vessel and explosion in the ionosphere etc. Other
potential applications of this study include analysis of data
from exploding wire experiments in dusty medium, and cylin-
drically symmetric hypersonic ﬂow problems associated with
meteors or reentry vehicles (c.f. Hutchens [53]). Also, the pres-
ent study can be important for the description of the following:
5.1. Shocks in supernova explosions
The layer of dust behind the supernova shock is observed usu-
ally. The problem is to verify whether the layer of dust is
related to the process of dust condensation behind the shock
wave front.
5.2. Shocks in intense prolonged ﬂare activity
The present self-similar model may be used to describe some of
the overall features of a ‘‘driven’’ shock wave produced by a
ﬂare energy release E (c.f. Eq. (55)) that is time dependent.
The energy ‘E’ increases with time and the solutions then cor-
respond to a blast wave produced by intense, prolonged ﬂare
activity in a rotating star when the wave is driven by fresh
erupting plasma for some time and its energy tends to increase
as it propagates from the star.
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